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Abstract 
Cur ren t  SSME h igh  p res su re  f u e l  turbopump problems have gene ra t ed  a 
desire t o  ana lyze  the  f l o w f i e l d  of  r o t a t i n g  machinery. The s t a t u s  of CFD 
has reached t h e  po in t  t h a t  soon t h e  c a p a b i l i t y  t o  s o l v e  unsteady three- 
dimensional v i scous  f l o w f i e l d s  w i l l  be a t  hand. The work p resen ted  here 
invo lves  upgrading the computational e f f i c i e n c y  of  an  o p e r a t i o n a l  t h ree -  
d imens iona l  a lgo r i thm.  The modi f ica t ions  inc lude  a lgo r i thm development, 
a l g o r i t h m  approximation and a c c e l e r a t i o n ,  and s p e c i a l  coding optimiza- 
t ions .  The o v e r a l l  r e s u l t  of these  mod i f i ca t ions  has reduced p rocess ing  
time by n e a r l y  80%. 
I n t r o d u c t i o n  
P r e s e n t l y ,  there e x i s t s  a need f o r  a r o b u s t  and a c c u r a t e  canputa-- 
t i o n a l  a lgo r i thm t o  compute three-dimensional f low over a r o t o r - s t a t o r  
conf igu ra t ion .  An i n t e r n a l  f l o w f i e l d  a n a l y s i s  of  r o t a t i n g  machinery 
n e c e s s i t a t e s  t h e  use of an  advanced t ime-accura te  three-dimensional 
a lgo r i thm w i t h  dynamic g r i d  c a p a b i l i t y .  A d d i t i o n a l l y ,  t h i s  a l g o r i t h m  
must be computa t iona l ly  e f f i c i e n t ,  i .e . ,  be capable  of  producing so lu -  
t i o n s  of eng inee r ing  accuracy t o  rea l  world f lows  i n  a r easonab le  l e n g t h  
of time. U n t i l  r e c e n t l y ,  t he  CFD community d i d n ' t  even cons ider  r o u t i n e  
c a l c u l a t i o n s  of  a t y p i c a l  three-dimensional unsteady v iscous  flow. T h i s  
was p r i m a r i l y  due t o  the l a rge  number of  c e l l s  r equ i r ed  t o  r e s o l v e  the 
p e r t i n e n t  f l o w f i e l d  phenomena. The domain must  be subdiv ided  i n t o  sev- 
eral  m i l l i o n  c e l l s ,  r e q u i r i n g  approximately 30 computer words each ,  ' the 
r e s u l t  of which is excess ive  computat i o n a l  p rocess ing  times u s i n g  p res -  
e n t  day codes. The i n t r o d u c t i o n  o f  t he  Cray 2 supercomputer and the  
a v a i l a b i l i t y  of Cray's SSD s t o r a g e  have a l l e v i a t e d  much of the  concern 
r ega rd ing  s t o r a g e  f o r  t hose  with a c c e s s  t o  t h i s  s t a t e - o f - t h e - a r t  equip- 
ment. 
The i n i t i a l  s tep  toward developing  a code which can f u l f i l l  t h e  
requi rements  s ta ted above begins w i t h  the cho ice  of a b a s e l i n e  
a lgor i thm.  The b a s e l i n e  a lgor i thm chosen f o r  t h i s  endeavor is t h a t  de-  
scribed i n  Ref. 2. Th i s  a lgor i thm has been shown t o  y i e l d  s a t i s f a c t o -  
r i l y  r e so lved  s o l u t i o n s  of the  flow p a s t  a v a r i e t y  of geometries i n  many 
flow regimes. The b a s e l i n e  computer a lgo r i thm,  he re in  referred t o  as 
BMULE, is l ack ing  i n  t h e  computational speed r e q u i r e d  t o  accomplish t h e  
t a s k  p rev ious ly  mentioned. The s t o r a g e  problem is of  a lesser concern 
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i n  l i g h t  of t h e  r e c e n t  advances i n  computer hardware in t roduced  by Cray  
Research. An estimate a t  t h e  o n s e t  of t h i s  p r o j e c t  placed t h e  memory 
requirement a t  approximately 100,000,000 words and C R A Y  X-MP CPU time 
a t  approximately 400 hours  f o r  a t y p i c a l  three‘dimensional r o t o r - s t a t o r  
conf igu ra t ion  flow a n a l y s i s .  It  is evident  t h a t  improvements i n  t h e  
base l ine  a lgor i thm are i n  o rde r ,  before  any three-dimensional viscous 
r o t a t i n g  machinery f l o w f i e l d  s o l u t i o n s  w i l l  be f e a s i b l e .  
T h i s  f irst  yea r  e f f o r t  l ays  the  ground work f o r  an a lgor i thm,  t he  
purpose of which w i l l  be t o  perform the t a s k s  o u t l i n e d  i n  the  first 
paragraph of t h i s  s e c t i o n .  The i n t e n t i o n  h e r e  is t o  improve an  opera- 
t i o n a l  computer a lgor i thm,  keeping i n  mind the  basic goa l  of approaching 
the computational e f f i c i e n c y  r e q u i r e d  i f  one ever  expec t s  t o  produce 
r o u t i n e  flow a n a l y s i s  of r o t a t i n g  machinery. 
The material presented i n  t h i s  r e p o r t  e n t a i l s  three basic 
approaches t o  enhance computational e f f i c i e n c y .  These are: 1 ) a lgo r i thm 
improvement, 2 )  accep tab le  a lgori thm approximations,  and 3) coding modi- 
f i c a t i o n s .  The first s e c t i o n  of t h i s  r e p o r t  b r i e f l y  desc r ibes  the  equa- 
t i o n s  and the  base l ine  algorit5m. Th i s  is fol lowed by  t h e  note-worthy 
accomplishments i n  each of the s p e c i f i e d  approaches,  given i n  the  second 
through t h e  f o u r t h  s e c t i o n s .  The r e s u l t s  of t h i s  r i r s c  y e a r  el”l”0i.t a re  
then  presented i n  t he  f i f t h  sec t ion .  F i n a l l y ,  t h e  s i x t h  s e c t i o n  p r e s e n t s  
t he  conclus ions  of t h i s  r e p o r t  based on the  year’s f ind ings .  Also,  pre- 
s en ted  a re  sugges t ions  f o r  f u t u r e  development i n  t h e  f i e l d  of r o t a t i n g  
machinery flow a n a l y s i s .  
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Equat ions & Algorithm 
The p resen t  work i s  based on t h e  equat ion  s e t  developed i n  Ref. 3 
and t h e  a lgo r i thm developed i n  Ref. 2. Consider  t h e  f u l l y  d i s c r e t i z e d  
l i n e a r i z e d  i n t e g r a l  form of the f l u x  s p l i t  f l u i d  dynamic equat ions  w r i t -  
t en  as 
where 
AQn = Qn+l - Qn 





.rr \ - - 
= i 6 i ~ +  + c j i i ;  + 6 . ~ +  + 6 J .z t d k ~ +  i 6 k n ' ,  J 
f o r  i n v i s c i d  flow ana lys i s ,  or 
+ R n  = ( 6 i F '  + 6 i F -  + 6 j C  + 6 j G -  + 6kH+ + 6kH- + s n )  
where 
sn = (6iF, + djGV + 6kHv)  
I I 1  \ 
\'I 
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f o r  v i scous  f low a n a l y s i s .  For a de t a i l ed  rev iew o f  F', F-, G+,  ... e tc . ,  
t h e  reader is referred t o  Refs. 2 and 3. F,, G,, and Hv ( n o t  mentioned 
i n  Refs. 2 and 3 )  r e p r e s e n t  t h e  e f fec ts  o f  t he  v i s c o u s  stresses acting 
on a ce l l .  They are implemented i n  an  e x p l i c i t  f a s h i o n  and have been 
shown no t  t o  markedly a f f e c t  t h e  speed of t h e  b a s e l i n e  a lgor i thm.  
I n  t h e  i n t e r e s t  o f  l imi t ed  computat ional  funds ,  it was deemed i m -  
p r a c t i c a l  t o  o p e r a t e  wi th  the  v iscous  stresses a c t i v a t e d  when running 
t h e  t e s t  cases presented  herein. This  is s o l e l y  due t o  an  i n a b i l i l t y  t o  
adequa te ly  r e s o l v e  a f lowf ie ld  when res t r ic ted  t o  c o a r s e  mesh funding.  
It should  be noted  t h a t  t h e  a d d i t i o n a l  computat ions p e r  c e l l  in t roduced  
hy the viscous stresses are  minimal. 
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Algorithm Improvement 
The ma t r ix  s t r u c t u r e  of  E q . ( l )  t ends  t o  be  cumbersome and d i f f i c u l t  
t o  i n v e r t ,  n o t  t o  mention very  c o s t l y .  P r e s e n t l y ,  two well*known methods 
are used t o  approximate Eq. ( 1  ) ,  approximate f a c t o r i z a t i o n  (AF) and re- 
l a x a t i o n  methods. As i n  Ref. 2, t h e  AF approach is p r e f e r r e d  t o  a 
r e l a x a t i o n  method. 
There e x i s t  s e v e r a l  methods f o r  approximately f a c t o r i n g  E q . ( l ) .  
Some r e t a i n  the  f u l l  i m p l i c i t  n a t u r e  of t h e  system, y e t  they r e q u i r e  
r e l a t i v e l y  s o p h i s t i c a t e d  s o l u t i o n  a lgor i thms.  Others  possess  only  a 
p o i n t  i m p l i c i t  n a t u r e  and lend themselves t o  much s imple r  s o l u t i o n  
algorithms. These methods are i n e v i t a b l y  mul t i - s tep ,  upper o r  iower 
b lock  t r i a n g u l a r  i n  mat r ix  s t r u c t u r e  wi th  the  a t t r a c t i v e  f e a t u r e  of re- 
q u i r i n g  p o i n t  s imultaneous s o l u t i o n s  and backward o r  forward s u b s t i t u -  
t i o n .  
Two o f  t h e  a t t r a c t i v e  f a c t o r i n g  schemes were s c r u t i n i z e d  dur ing  t h e  
c o u r s e  o f  t h i s  p r o j e c t .  The first of  these is that  which the  b a s e l i n e  
a lgo r i thm u t i l i z e d  as a so lu t ion  procedure.  I t  w i l l  be  referred t o  here 
as the s i x  f a c t o r ( 6 F )  scheme. This scheme involves  t h e  f a c t o r i z a t i o n  o f  
E q . ( l )  based on the  s i g n  of each s p a t i a l  d i r e c t i o n  i n  computat ional  
space  y i e l d i n g  the  fo l lowing  
The s o l u t i o n  of Eq.  ( 7 )  can be carried ou t  as fo l lows:  
( I  + A T ~ . A ; ) X ~  1 = - A T R ~  (8a) 
( I  + A T ~ ~ A T I x ~  = x1 ( 8 b )  
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( I  + A T &  .Bf)X3 = X2 
J 
(I + ArGjB:)X4 = X3 
(I + hT6kC:)X6 = x5 (8f 1 
A Q ~  = x6 ( 8 g )  
An a l t e r n a t e  f a c t o r i z a t i o n  is based on t h e  l i k e  s i g n  of a l l  three 
s p a t i a l  d i r e c t i o n s  ' i n  computational space y i e l d i n g  the fo l lowing  
Th i s  f a c t o r i n g  scheme is  r e f e r r e d  t o  a3 t h e  two f a c t o r ( 2 F )  scheme, t h e  
s o l u t i o n  of which can be ca r r i ed  o u t  as f O l 1 0 W S  
[I  + A T ( 6 i A ;  + 6.B' + 6kc')]x2 X 1 
AQ" = x2 
J 
The e r r o r  in t roduced  v i a  t h e  6F scheme has t n e  form 
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An examination of t he  terms i n d i c a t e s  t he  e r r o r  t o  be of h igher  order  of 
accuracy than  t h a t  of E q . ( l ) ,  consequent ly  t h e  o v e r a l l  o rder  of t h e  
scheme is maintained.  The error introduced v i a  t h e  2F scheme has the  
form 
+ 
[ A T ( G ~ A -  
+ 
+ 6 j B .  (12)  
I n s p e c t i o n  of t h i s  e r r o r  also i n d i c a t e s  it t o  be of h igher  order  of 
acccuracy than  E q . ( l )  , aga in  the o v e r a l l  o rde r  of the scheme is main? 
t a i n e d .  
Judging from Eq. (10)  and E q .  ( 1 2 ) ,  i t  seems p l a u s i b l e  t o  expect 
t he  2F scheme t o  be somewhat supe r io r  t o  the  6F scheme. Although Eq. ( 1 )  
r e p r e s e n t s  an uncond i t iona l ly  stable scheme, due t o  the e r r o r  in t roduced  
by t h e  f a c t o r i n g  process  a r e s t r i c t i o n  may be imposed on the  t ime-s t ep  
t o  iiiaintcin stability. P. s t a b i l i t y  a n a l y s i s  nf both schemes was pres- 
en ted  by Anderson, e t  al . , '  the  results of which are  given i n  F ig .  1 .  
For t he  Courant numbers sampled, the  f i g u r e  i n d i c a t e s  the  6F scheme t o  
be more r e s t r i c t i v e  than  the 2F scheme rega rd ing  maximum a l lowab le  
t imess tep .  I t  is encouraging to  no te  t h a t  the  2F scheme seems t o  r e t a i n  
t h e  f a v o r a b l e  q u a l i t y  of uncondi t ional  s t a b i l i t y .  
There are aavantages and divadvaritages t o  L - L L  UUL.II  I O L ~ V I  L I A ~  I J C I I I G L I I ~ U .  nnknmno 
For example, t h e  2F scheme t e n d s  t o  have an a p p e t i t e  f o r  in-core memory 
stemming from t h e  s imultaneous s t o r a g e  of a t  l e a s t  t h r e e  f l u x  j a c o b i a n s ,  
whereas the  6F scheme s e q u e n t i a l l y  ove rwr i t e s  the  same memory c e l l s  al- 
l o c a t e d  f o r  a s i n g l e  f l u x  jacobian. Another example is t h e  number of 
l i n e a r  systems so lved  p e r  cycle;  the 6F scheme r e q u i r e s  s i x  compared t o  
o n l y  two f o r  t he  2F scheme. Based on a l l  t h e  a s p e c t s  of both schemes, 
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t he  2F scheme seems t o  s t a n d  o u t  as a s u p e r i o r  f a c t o r i z a t i o n  method. A s  
a consequence of t h i s  a n a l y s i s ,  t h e  2F scheme was implemented i n  a l l  
fo l lowing  resul ts  un le s s  i nd ica t ed  o therwise .  
Although the  2F scheme i s  s u p e r i o r  t o  the  6F scheme, there is s t i l l  
the  ever  p re sen t  AF e r r o r  (Eq.(12)) in t roduced  by t h i s  scheme. 
P r e s e n t l y ,  there i s  much i n t e r e s t  r ega rd ing  t h e  e l i m i n a t i o n  of t h i s  AF 
e r r o r .  One method t o  e l i m i n a t e  t h e  AF e r r o r  of the 2F scheme is t o  a l t e r  
t h e  second s t e p  as fo l lows  
T o t a l  e l i m i n a t i o n  of the AF e r r o r  is achieved by the  p r e m u l t i p l i c a t i o n  
of t h e  AT term i n  t h e  second s t e p  by t he  i n v e r s e  o f  the  first s t e p  o p i  
e r a t o r .  
-. Ine d i l " l " i C U i t Y  . .*LL. C h i n  
A l ( r I l  cI I ,Au thzsry is t ha t  it. i n v n l v e s  t he  i n v e r s i o n  
of a m a t r i x  of d i f f e r e n c e  ope ra to r s .  An approximate v e r s i o n  of t h i s  in -  
v e r s e  method can be formulated by s u b s t i t u t i n g  t h e  fo l lowing  m a t r i x  f o r  
the proposed i n v e r s e  of the first s t e p  
(1  4)  
Notice t h e  o p e r a t o r  do t  ( 0 )  h a s  been removed l e a d i n g  t o  a method which 
could  r e a d i l y  be  inves t iga t ed .  Although Eq. ( 1  3) should completely 
e l i m i n a t e  t h e  AF e r r o r ,  t h e  approximate v e r s i o n  ( E q . ( 1 4 ) )  f a l l s  s h o r t  of 
t h i s  goa l .  Evident ly  E q . ( l 4 )  r e t a i n s  enough AF e r r o r  t o  adve r se ly  a f f e c t  
t he  s o l u t i o n  process .  T h i s  method, when condensed t o  a s i n g l e  l i n e  equa- 
t i o n ,  c l o s e l y  mimics a r e l a x a t i o n  scheme, which was avoided from the  
beginning. 
9 
Approximation and Acce le ra t ion  
The previous  s e c t i o n  was concerned w i t h  r educ ing  o r  e l i m i n a t i n g  the  
e r r o r  i n t roduced  as a consequence of f a c t o r i n g  E q . ( l ) .  T h i s  s e c t i o n  ap- 
proaches the problem from what could  be cons idered  a n  o p p o s i t e  view- 
p o i n t ,  i .e . ,  what can one g e t  away w i t h  and s t i l l  o b t a i n  an a c c e p t a b l e  so- 
l u t i o n .  The p r imary  o b j e c t i v e  he re  i s  t o  s h o r t e n  and/or s i m p l i f y  t he  
pa th  t o  t he  d e s i r e d  s o l u t i o n .  
F i r s t ,  cons ide r  a method which s u b s t i t u t e s  the t r u e  f l u x  j a c o b i a n s  
( T F J )  given by Eq.(3) w i t h  t h e i r  cor responding  spectral  radi i .  A m a t r i x  
of  the fo l lowing  form is used i n  l i e u  of the TFJ matrices 
% R , K  I 
where 
(15) 
wi th  
X K  i = e igenvalues  of K ,  
and K is either A', A - ,  B', B-, C+ o r  C-. 
i = 1 , 2 , 3 , 4 , 5  
I n  Eq. (151 ,  I has t h e  u s u a l  
meaning of t h e  i d e n t i t y  matrix. 
The i n c l u s i o n  of t h e  matrices given by Eq.(15) y i e l d s  t he  f o l l o w i n g  
[I  + A . r ( G i X  I* + 6.A I* + 6kh I - ) ]  x1 = -ATR" ( 18a )  
SR,A+ SR,B+ SR, C+ 
A Q ~  = x2 ( 1 8 ~ )  
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Equat ions  ( 1  8 1 r e p r e s e n t  an uncoupled system t h u s  e l i m i n a t i n g  t h e  need 
f o r  t h e  s imul taneous  s o l u t i o n  a t  a p o i n t .  The s o l u t i o n  p rocess  is s i m -  
p l i f i e d  t o  t h a t  of a backward and a forward s u b s t i t u t i o n .  Thus f a r  eve- 
r y t h i n g  sounds g r e a t ,  t h e  drawback happens t o  be  mul t i - f ace t ed .  
The first d i f f i c u l t y  is the  i s o l a t i o n  of t h e  dominant e igenvalue .  
Th i s  can be accomplished using an  i t e r a t i v e  scheme referred t o  as the 
power m e t h ~ d . ~  Although i t  is a s imple  i t e r a t i v e  r o u t i n e ,  i t  t e n d s  t o  b e  
c o s t l y .  Secondly, the  s t a b i l i t y  of  the  spectral r a d i u s  method is much 
more r e s t r i c t i v e  than  tha t  of t he  2F scheme, as expected. T h i s  degrada- 
t i o n  i n  s t a b i l i t y  imposes a s t r i n g e n t  time-step l i m i t a t i o n .  Together ,  
the two drawbacks c i ted  are enough t o  exclude t h e  spectral  r a d i u s  method 
as an  i n t e g r a l  part  of the s o l u t i o n  a lgo r i thm.  
Another approximation technique involves  the  i n f r e q u e n t  updating o f  
the f l u  Jacob ians  ( f l u x  jacobian  f r e e z i n g ) .  The metnoa is q u i t e  s i m p i e  
assuming a l a r g e  q u a n t i t y  of in -core  memory is a v a i l a b l e  ( o r  r a p i d  
t r a n s f e r  out-of-core s t o r a g e  devices  are accessible).  The basic approach 
is t o  c a l c u l a t e ,  s t o r e ,  and p e r i o d i c a l l y  update the f l u x  j acob ian  matri- 
ces .  The per iod  of  acceptab le  f l u x  j acob ian  " f r eez ing"  v a r i e s  from f low 
t o  flow. I n  many i n s t a n c e s  ( s t eady  s t a t e  s o l u t i o n s ) ,  the f l u x  j a c o b i a n s  
need only  b e  c a l c u l a t e d  once. 
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This  approach of f l u x  jacobian f r e e z i n g  c u t s  per c y c l e  computation 
time n e a r l y  i n  h a l f  depending, of cour se ,  on the frequency of updating. 
Although run  time is s i g n i f i c a n t l y  reduced, the  s t o r a g e  requirement is 
doubled. The a v a i l a b i l i t y  of abundant Cray SSD s t o r a g e  encouraged the  
i n c l u s i o n  of t h i s  approach as an i n t e g r a l  p a r t  of t h e  s o l u t i o n  a lgo -  
r i thm. 
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The f i n a l  t o p i c  i n  t h i s  s e c t i o n ,  t h e  use of m u l t i p l e  g r i d s ,  is both 
an  approximation and an a c c e l e r a t i o n  technique .  The mul t i -g r id  
technique  used he re  is t h a t  of a f u l l  approximation scheme (FAS). The 
theory  is t h a t  the  low frequency (LF) e r r o r s  which are no t  damped well 
by t h e  s o l u t i o n  a lgo r i thm on a f i n e  g r i d  appear as h igh  frequency (HF) 
e r r o r s  on c o a r s e r  g r i d s  and subsequently can be damped out  on these 
g r i d s .  This  is assuming, of course,  t ha t  t h e  s o l u t i o n  a lgo r i thm damps HF 
e r r o r s  w e l l .  This  scheme can  be app l i ed  t o  p r o g r e s s i v e l y  coa r se r  g r i d s  
t o  damp most of  the components of  t h e  e r r o r .  For an  in-depth s tudy  o f  
the FAS method as i t  is appl ied  t o  a similar f i n i t e  volume code, the 
reader- is r e f e r r e d  tc t h e  wcrk c?f Andersnn; 6 
The basic approach involves s o l v i n g  an e r r o r  equa t ion  on inc reas -  
i n g l y  coa r se  meshes. T h i s  e r r o r  equat ion  and background material are 
g iven  i n  Ref. 6 t hus  they  w i l l  no t  be  repeated here. The coarsening  can 
be accomplished i n  a v a r i e t y  of  ways. The s imples t  procedure involves  
s t a r t i n g  wi th  a f i n e  g r i d  then e l i m i n a t i n g  every o t h e r  g r i d  p o i n t  i n  
each computational d i r e c t i o n  t o  c o n s t r u c t  a c o a r s e r  g r i d .  The use of  
m u l t i r g r i d  r e q u i r e s  i nc reas ing  the t o t a l  s t o r a g e  by no more than  25%. 
Also, t h e  computations on t h e  coa r se r  g r i d s  a r e  r e l a t i v e l y  i n s i g n i f i c a n t  
because each coa r se  g r i d  con ta ins  only 1/8 as many p o i n t s  as it 's pa ren t  
g r i d .  
Reference 6 gives  a d e t a i l e d  o u t l i n e  of the  s teps  involved i n  t h e  
FAS mul t i -g r id  V cyc le  which is used i n  t h i s  s tudy .  Various i n v e s t i g a -  
t i v e  s t u d i e s  were performed t o  access  t h e  b e n e f i t s  der ived  from t h e  
m u l t i - g r i d  procedure.  An ONERA M6 wing ( 4 9 x 9 ~ 9 )  was u s e d  as a tes t  c a s e  
t o  examine t h e  mul t i -g r id  c h a r a c t e r i s t i c s ;  such a s ,  a c c e l e r a t i o n  of con- 
12 
vergence, a d d i t i o n a l  memory p e n a l t i e s ,  runtime p e r  cycle per  g r i d  p o i n t ,  
etc.  I n  Fig. 2 ,  the e f f e c t  of t he  mul t i -g r id  procedure  on reducing  the  
number of  c y c l e s  t o  reach  a given l e v e l  o f  convergence is shown. The 
asymptot ic  spectral  r a d i u s  (convergence r a t e )  f o r  the  s i n g l e  g r i d  was - 
.95, whereas that  u s i n g  a 2-level mu l t i -g r id  V c y c l e  with 3 i t e r a t i o n s  
on t h e  coa r se  g r i d  was - .87. From t h e  data  c o l l e c t e d ,  a computa t iona l  
s av ings  o f  32% was r e a l i z e d  using the  mul t i -gr id  procedure.  
Thus f a r ,  it is ev iden t  t h a t  mu l t i -g r id  is b e n e f i c i a l  f o r  s teady-  
s t a t e  s o l u t i o n s .  It a l s o  h a s  a p p l i c a t i o n s  t o  uns teady  s o l u t i o n s .  
J e spe r son  has  s u c c e s s f u l l y  demonstrated t h e  use of a t ime-accura te  
m i ~ l t . l - s r i d  algorithm. Recently, s i g n i f i c a n t  s a v i n g s  have been r e a l i z e d  
u s i n g  a t ime-accura te  multi-grid approach f o r  a harmonica l ly  p lunging  
a i r f o i l . 8  I t  is expected t h a t  mul t i -gr id  w i l l  become a u s e f u l  aspect o f  
r o t o r - s t a t o r  flow a n a l y s i s ,  consequently i t  has been inc luded  i n  the 
s o l u t i o n  a lgor i thm.  
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Coding Developments 
The fo l lowing  s e c t i o n  deals  w i t h  computer a lgo r i thm modi f i ca t ions  
which do n o t  a l t e r  the s o l u t i o n ,  y e t  r e p r e s e n t  s i g n i f i c a n t  advances.  
Some of these were developed by co l l eagues  and i n t e g r a t e d  i n t o  the  flow 
code. Seve ra l  l e s s  s i g n i f i c a n t  code mod i f i ca t ions  have a l s o  been imple- 
mented over the  p a s t  year. With t he  except ion  o f  t he  f r e e z i n g  of  t h e  
f l u x  j a c o b i a n s ,  code developments have r e s u l t e d  i n  the  l a r g e s t  r e d u c t i o n  
i n  code l e n g t h  and execut ion  time. 
The first of t he  s i g n i f i c a n t  developments is referred t o  here a s  
r ibbon vec to r  dynamic a l l o c a t i o n ,  a concept  developed by B e l k . 3  The 
p r i n c i p l e  of r ibbon vec to r  s to rage  is f r e q u e n t l y  used t o  compress s t o r -  
age t o  avoid  wast ing memory space ( ach ieve  a minimum core  requi rement ) .  
1% f ' z ~ ~ t i ~ ~ s  well l.+ith EQ&J~ZP CQQPS h ~ ~ z i i q e  the hi j lk  memory reqii frernent 
can be a l l o t t e d  i n  the main c a l l i n g  r o u t i n e ,  and f l o a t i n g  dimensions can 
be  used i n  the subrou t ines .  Belk has demonstrated t h e  use of  t h i s  p r i n -  
c ip l e ,  coupled wi th  the f l e x i b i l i t y  of t h e  Cray t o  a l low user def ined  
dynamic memory management, t o  enable  a dynamic mesh s i z e .  The p l an  is t o  
use t h i s  i n  connect ion w i t h  a multi-block procedure t o  minimize in-core 
requiremencs.  A vers ion  simiiar t u  iiiai pr-upuyeli i j y  Be ik  lis5 'jeeii f i i t e ~  
g r a t e d  i n t o  t h i s  s o l u t i o n  algorithm. 
T h i s  leads t o  another  concept exhaus t ive ly  i n v e s t i g a t e d  by  B e l k .  
I t  involves  the segmenting of t he  computat ional  domain i n t o  r e l a t i v e l y  
compact computat ional  blocks.  The impetus f o r  such an approach emanates 
from the  d i f f i c u l t i e s  encountered when gene ra t ing  a s i n g l e  g r i d  about a 
complex geometr ica l  shape such as a wing-pylon-store o r  t h e  b l ades  i n  
r o t a t i n g  machinery. An a d d i t i o n a l  a t t r a c t i v e  f e a t u r e  of multi-block is 
t h e  a b i l i t y  t o  s e q u e n t i a l l y  solve s e v e r a l  smaller flowf ie lds  comprising 
one l a r g e r ,  n e a r l y  insurmountable f lowf ie ld .  As mentioned be fo re ,  t h i s  
s e c t i o n  involves  coding mods which do not  a l t e r  the  s o l u t i o n .  
F requen t ly ,  some s l i g h t  degradation of a s o l u t i o n  is a c c e p t a b l e  when 
d e a l i n g  w i t h  m u l t i p l e  block s o l u t i o n s .  
B e l k  has shown t h a t  some l iber t ies  can be t aken  r e g a r d i n g  t h e  in- 
te r -b lock  t r a n s f e r  of data w h i l e  s t i l l  main ta in ing  a c c e p t a b l e  s o l u t i o n  
development. Based on t h e s e  f i n d i n g s ,  a multi-block procedure is 
expected t o  func t ion  well i n  the  a n a l y s i s  of a r o t o r - s t a t o r  c o n f i g u r a t i -  
on. Related work has ind ica t ed  t h a t  multi-block dynamic g r i d  procedures 
CLL --- C - A t  I I U b  AiC.f inlalf  U & A A  A r U I V  t e  imFlement. The d e t a i l e d  a n a l y s i s  of t h i s  procedure 
is on-going r e l a t i v e  t o  its q u a n t i t a t i v e  r e s u l t s  and t h e  in f luence  of 
i n t e r -  block communi cat i o n  i n  r o t  a t  i n g  machinery a n a l y s i s  . 
The f i n a l  c o n t r i b u t i o n  t o  code development was an  a t t e m p t  t o  o p t i -  
mize t h e  s o l u t i o n  procedure of the 2F scheme. The 2F scheme involves  a 
p o i n t  simultaneous s o l u t i o n  and backward ( o r  forward)  s u b s t i t u t i o n s .  The 
s u b s t i t u t i o n  po r t ion  poses quite a problem when a t t empt ing  t o  u t i l i z e  
vec tor  hardware t o  i t 's  f u l l e s t .  The d i f f i c u l t y ,  referred t o  as a vec tor  
dependency' ( o r  a r e c u r s i o n  problem), occurs  when a l l  t h e  elements of a 
computational vec tor  are  n o t  independent. For example , t h e  equat ion  
x i  = xi -1  i = 1 ,  ...., N i  (19)  
involves  a vec tor  dependency when coded , because t h e  ith element depends 
on the  ( i  - l I t h  element.  A method has been developed i n  o rde r  t o  
circumvent t h i s  problem i n  a mu1ti;dimensional space. The Concept of 
t h i s  method was o r i g i n a l l y  conceived by Be lk"  and has no previous  pub- 
1 i c a t i o n .  
To  begin,  cons ider  t h e  example of  a two-dimensional space  i n  F i g .  3 
and t h e  fo l lowing  equat ion  
X i , j  = X i v 1 , j  + X i , j - 1  i = 1 , .  . . , N i ,  j = 1  , . . . N j  (20) 
If one attempts t o  l o g i c a l l y  cons t ruc t  computational v e c t o r s  u s ing  t h e  
e lements  l y i n g  on any computational l i n e ,  as shown, a vec to r  dependency 
w i l l  be p re sen t .  Thus t h e  equat ion  can o n l y  be s o l v e d  i n  a much slower 
scalar  mode. Now cons ider  F ig .  4 and Eq. (20) .  If computations a r e - c a r -  
r i ed  o u t  a long  the  computational v e c t o r s  (d i agona l  l i n e s )  as shown, t h e  
~ ~ ~ ~ ~ ~ ~ , ,  ^..^ L : -- cari 2~ sol.;~d i n  a ..--en- - - A n  
e lemen t s  i n  a s i n g l e  conpu ta t i ena l  vec t= r  a re  independent of cne  
ano the r .  The elements of each computational vec to r  are  given by the  l i n e  
I C C I I I W I  UIUUG. This is Secsuse 311 the 
i + j = C  (21 1 
where C is the vec tor  number, ranging  from 0 t o  ( N i  + N j ) .  I n  a d d i t i o n ,  
t h e  vec to r  l e n g t h  v a r i e s  from 1 t o  min{(Ni+l 1, ( N  + 1 )  1. T h i s  i s  a very s i m p l e  
procedure  i n  two dimensions, now f o r  t h e  e a s y  e x t e n s i o n  t o  three-dimen- 
s i o n s .  
j 
Consider t h e  three-dimensional analogy t o  Eq. (20)  
i = 1, ..., Ni 
j = 1 ,  ..., (22) N j  - ' i , j , k  - ' iTl , .- j ,k + 'i ,j-1,k + ' i , j , k - l  
k = 1 ,  . e . ,  Nk 
R e f e r r i n g  t o  Fig.  5,  a s i m i l a r  procedure can be followed i n  o r d e r  t o  
v e c t o r i z e  a three-dimensional problem. The p o i n t s  l y i n g  on a d iagonal  
p l ane  c o n s t i t u t e  t h e  computational v e c t o r  w i t h  independent elements.  
These p o i n t s  a r e  given by t h e  equat ion  of  the  p l ane  
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i + j + k = C  ( 2 3 )  
where C is t h e  vector  number, ranging from 0 t o  ( N i  + N j  + N k ) .  I n  addi- 
t i o n ,  t he  vec tor  l eng th  v a r i e s  from 1 t o  min{(Ni+l ) ( N j + l ) ,  ( N i + l  ( N k + l  1, 
( N j + l  ) ( N k + l )  1 .  This  procedure f o r  v e c t o r i z i n g  a backward ( o r  forward)  
s u b s t i t u t i o n  has become an i n t e g r a l  pa r t  of t h e  s o l u t i o n  a lgor i thm.  A 
t iming  a n a l y s i s  is d i f f i c u l t  t o  o b t a i n  due t o  t h e  maximum vec tor  l e n g t h  - 
depending on t h e  mesh s t r u c t u r e .  I t  i s  a n t i c i p a t e d  t h a t  t he  s i g n i f i c a n c e  
of t he  diagonal  plane method w i l l  i n c r e a s e  as the mesh s i z e s  i n c r e a s e .  
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R e s u l t s  
The year's p rogres s  can be accessed  by comparing t h e  s t a t u s  of the 
code of September 1985 t o  that of September 1986. The comparison can be 
made us ing  the  ONERA M6 wing ( 4 9 x 9 ~ 9 )  case  p re sen ted  i n  T a b l e  1 of Ref. 
2. A comparable flow t r a c e  was generated u s i n g  t h e  modified v e r s i o n  o f  
BMULE, refer t o  Tab le  1 b. Although a d i r e c t  comparison cannot be made 
r e g a r d i n g  i n d i v i d u a l  subrout ines ,  a d i rec t  comparison can be made 
between s u b r o u t i n e  groups serv ing  the  same func t ion .  Consider,  f o r  exam- 
p l e ,  the fo l lowing  list of  modified BMULE s u b r o u t i n e s  and the  co r -  




RESID + - ( 3 ~ 9 ~ 9 )  x FLUX 
TSTEP 
6 X CMAT 






2 x AE 
2 x BE 















The performance r a t i o s  should be examined i n  l i g h t  of the  p e r c e n t  
of  t o t a l  runt ime s p e n t  i n  each s u b r o u t i n e ,  g iven  i n  Tables 1 .  T h i s  is 
accounted f o r  when one examines the  o v e r a l l  code performance r a t i o ,  
found t o  be .21. Thus t h e  modified v e r s i o n  o p e r a t e s  n e a r l y  5 times as 
e f f i c i e n t  as the  previous  version. This  is mainly a t t r i b u t e d  t o  f l u x  
j a c o b i a n  f r e e z i n g  and the  diagonal plane s o l u t i o n  path. The code now op- 
erates a t  2.1 x seconds per g r i d  po in t  per cyc le .  
The code was used t o  analyze t h e  f l o w f i e l d  of  a t y p i c a l  cascade 
geometry.” Fig.  6 g i v e s  a view of the  H-mesh used i n  t h i s  t e s t  case. 
F i g s .  7 and 8 are Mach and pressure contour p l o t s ,  r e s p e c t i v e l y ,  of t h e  
f lowf ie ld  r e s o l v e d  by t h e  flow code. The q u a l i t a t i v e  agreement repre-  
s e n t e d  i n  these f i g u r e s  is good. No q u a n t i t a t i v e  s o l u t i o n s  are presented  
here because t he  f i n a l  s o l u t i o n  of t he  modif ied BMULE code is t h e  same 
as t h a t  of t h e  o r i g i n a l  code, whose v a l i d i t y  was establ ished i n  Ref. 2. 
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Conclusions 
Seve ra l  modif i c a t i o n s  were made t o  an o p e r a t i o n a l  i m p l i c i t  upwind 
f i n i t e  volume computer a lgor i thm.  These include:  r i bbon  vec to r  s t o r a g e ,  
two-factor scheme, m u l t i g r i d ,  d i agona l  p l ane  s o l u t i o n  p a t h , '  etc.  The 
g o a l  of  improving computat ional  e f f i c i e n c y  has been modestly achieved,  
a l though more improvement is necessary.  The p resen t  computer code oper- 
ates 5 times more e f f i c i e n t l y  than i t  d i d  prev ious ly .  Advanced CFD pro- 
cedures  have been i n t e g r a t e d  t o  produce a robus t ,  a c c u r a t e  and e f f i c i e n t  
a lgo r i thm w i t h  the p o t e n t i a l  t o  provide  advanced three-dimensional  f low 
a n a l y s i s  of  r o t a t i n g  machinery. 
Future  emphasis should  cont inue t o  be  focused toward irnpr-movirig com- 
p u t a t i o n a l  e f f i c i e n c y .  A t  the p resen t  ra te  of  improvement, t he  a n a l y s i s  
of r o t a t i n g  machinery f l o w f i e l d s  is well w i th in  view. Once t h e  e fPi r  
c i ency  is achieved,  t hen  and only then ,  should detai led flow s t u d i e s  be 
expected.  
The modified v e r s i o n  of the  BMULE code p r e s e n t l y  resides on the  
NASA Marshall C R A Y  X-MP. 
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2 T a b l e  la. Flow T r a c e  S e p t e m b e r  1985 
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Table  lb. Flow T r a c e  S e p t e m b e r  1986 
ROUTINE T I M E  % CALLED 
1 BULLY11  
2 P O I N T E R  
3 SETMEM 
4 INDEX 





10 S T E P  
11 R E S I D  
12 FLUX 
13 T S T E P  
14 CMAT 
15 DO0 
1 6  UPDATE 
17 PVAR 
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Fig. 2 Residual Plot ( 4 9 x 9 ~ 9 )  
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